21.1.1.(2)
Chapter 21 Some Methods of Integration

21.1 Integration by Substitution( )
Changes the variable of integration into another in order to transform the integral into a
standard form.

1
Example 1: Evaluate W dx.

Solution:

Example 2: Evaluate [>°~[x* + 5 dx.

Solution:

Example 3: Find | = fxx/l — 3xdx.

Solution:

4x+ 3

Example 4. Evaluate JW dx

Solution:
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X
Example 5: Evaluate j(2x —1)7 dx.

Solution:

Example 6: (a) Expand (2x — 1)% by the binomial theoremand hencefind (2x — 1)° dx.

(b) Use the substitutionu = 2x— 1 tofind [(2x —1)° dx.

Solution:

Classwork : Ex 21A # 1- 23(odd), 24-28

21. 2 Trigonometric Integrations

Example 7: Evaluate (a) J'sin 3x dx (b) fcos %x dx (© J sec® 5xdx

(d) ftan3xsec3xdx (e) % dx
Solution:

1 . . 1
Remark: fcosaxdx =  sinax+ C, [sinaxdx =- 7 cosax+C, ...
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(A) Integration of products of sines and cosines
The following identities are often used to evaluate trigonometric integrals.

sin®x = % (1 - cos 2x) sinx cosy = %[sin(x—y)+sin(x+y)]
1 . . 1

cos’ X = 5 (1 + cos2x) snxsiny= E[cos(x—y)—cos(x+y)]

. 1 . 1

sinxcosx = 5 sin 2X COSX COSY = E[cos(x—y)+cos(x+y)]

Consider [sinmxsinnxdx, fsinmxcosnxdx or fcosmx cosnx dx

Example 8: Evaluatea) [sin 2x sin 8x dx b) f'sin 3x cos 5x dx

c) Jsin®xdx d) Jcosmx cos nx dx

Solution:

Consider J'sin™x cos" x dx

Case 1: cosineindex isodd (u = sin x)
Example 9: Find (&) | = fsin*x cosx dx and (b) | = [cos’x dx.

Solution:
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Case 2: sineindex is odd (u = cos x)

Example 10: Find (a) | = fsin®x cos® x dx and (b) | = ['sin’ 9 cos’ 6dé.

Solution:

Case 3: Both indices are even (u = cos’ X, Sin® X or Sin X cos X)

Example 11: Evaluate (@) J'sin®xcos’x dx and (b) f'sin®x cos® x dx.

Solution:

Case 4: Both indices are odd (u = sin X or cos X)

Example 12: Evaluate [sin®x cos’ x dx.

Solution:

(B) Integration of products of Tangents and Secants

Consider Jtan™x sec” x dx

Case1l: misodd (u=secx)

Example 13: Evaluate () ftan®x sec®x dx and (b) [tan’ x sec’ x dx.

Solution:
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Case 2: niseven (u = tan x)

Example 14: Find (8) | = Jtan®xsec®xdx and (b) | = [tan® x sec® x dx

Solution:

(C) Integration of products of Cotangents and Cosecants

Consider Jcot™x csc” x dx

Example 15: Find | = Jcot® x csc® x dx.

Solution:

Remarks: If miseven and nisodd, theintegral isvery difficult to find and the method is
beyond the scope of this book.

Classwork: Ex 21B# 1 — 50

Assignment 1: Ex21A#2, 4, 8,14,18; Ex21B#4, 8, 14, 32, 44

21.3 Trigonometric Substitution

Integral involving use to obtain
\J&@ - x? X=asno a—-asin®0 =acos0
\a + X x=atan 6 \J&@+&tan’ 6 =asecH
\X% - & x=asech \Jdse?0— & =atan 0
Therange of 0 isthe principal values of the related trigonometric function.
Example 16: Find | = (—Xzf—xz)yz .

Solution:
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dx
Example 17: Find | = | —.
pe17: Find 1= |- 522

Solution:

2
: AU -1 . _
Example 18: Find | = J ! U 6du using the substitution u = 4 sec 6.
Solution:

Classwork: Ex21 C#1- 16

21.4 Reduction Formulag( )
We have established a reduction formula which expresses |, in terms of |,. Successive
use of such aformulawill often allow a given integral to be expressed in terms of a
much simpler form.

Class work: Ex 21D #1-4, 6; Rev Ex 21#37 - 50
Assignment 2: Rev Ex 21 #34,36,49




